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A pr inciple  is introduced to the t he rmodynamics  of i r r e v e r s i b l e  p r o c e s s e s  which g e n e r a l -  
izes the well-known Onsager  pr inc ip le .  On the bas i s  of this pr inciple ,  an equation of heat  
conduction is der ived  with a finite ve loci ty  of heat  propagat ion,  and a s y s t e m  of equations 
of coupled t he rm oe l a s t i c i t y  is se t  up. 

The theory  of t r a n s f e r  p r o c e s s e s  e m b r a c e s  d ive rse  phenomena:  heat conduction, e l ec t r i c  cu r r en t  
conduction, a l so  diffusion and absorpt ion  of sound. T r a n s f e r  occurs  in s y s t e m s  which a r e  not in a s ta te  of 
t he rmodynamic  equi l ibr ium.  The ra te  of a t r a n s f e r  p roce s s  de t e rmines  the change in the physical  poten-  
t ial .  The choice of potential  is based  on the following p r e m i s e :  if the location of ext raneous  bodies  around 
a s y s t e m  is fixed, then with t ime  the physical  s y s t e m  will eventual ly make a t rans i t ion to equi l ibr ium.  

One of the basic  pr inc ip les  in the t he rmodynamics  of i r r e v e r s i b l e  p r o c e s s e s  is O n s a g e r ' s  pr inciple:  
f tvxes a r e  l inear  functions of t he rmodynamic  forces  

J~= ~LihXj~ ( i  ~-1, 2, 3 . . . . .  n). (1) 

The mat r ix  of the Lik  coeff icients  is s y m m e t r i c ,  i .e . ,  L ik  = Lki.  The s y m m e t r y  of this ma t r ix  is 
a consequence of r e v e r s i b i l i t y  on the mic roscop ic  sca le .  An essen t ia l  def ic iency of this s ta ted pr inciple  
and of the phenomenological  laws der ived t h e r e f r o m  is, in the au thor ' s  view, that they ignore the h i s to ry  
p r io r  to the action of t he rmodynamic  fo rces ,  i .e. ,  the iner t ia l  c h a r a c t e r i s t i c s  of the ene rgy  c a r r i e r s .  

This  was pointed out f i r s t  by Lykov [1 ,2] ,  who noted that the phenomenological  coefficients  in (1) 
must  not n e c e s s a r i l y  be cons idered constant  in the case  of t r ans ien t  t r a n s f e r  p r o c e s s e s .  

In o rder  to r emove  the sa id  def ic iency,  this author  p roposes  to formula te  O n s a g e r ' s  pr inciple  dif-  
ferent ly:  fluxes and the rmodynamic  fo rces  a re  re la ted  as follows: 

where  K ( t - t ' )  is the re laxat ion  kernel .  The mat r ix  of the Lik coefficients  is s y m m e t r i c .  Then the ra te  of 
ene rgy  increase  can be e x p r e s s e d  as 

l 

i k 

If the re laxat ion kerne l ,  equal to the 5-function,  
the well-known Onsager  pr inciple :  

,0 

is r e p r e s e n t e d  as K i t - t , )  = 5 ( t - t ' ) ,  then (2) will yield 

}: I 

(3) 
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When 

K (t - - l ' )  = _1__ exp ( - -  - -  
T r I 

with r r denoting the re laxat ion t ime ,  then (2) yields 

(4) 

I 

. ( , _ . )  
qi=Lu~ I VT 1 exp dr', 

,. Tp TI~ 
0 

(5) 

where  qi denotes the t h e r m a l  flux and VT denotes the t e m p e r a t u r e  gradient .  
tion of heat  t r a n s f e r  f i r s t  der ived  by Lykov in [2] : 

Oq 
q . Tr " V T. 

Ot % 

From (5) we obtain the equa-  

(6) 

Here  X| denotes the t he rm a l  conductivity.  We will wr i te  Eq. (5) in a d i f ferent  fo rm now: 

t 

! &--aT 7- (V T ) exp 
, ~ \ Tp , ) 
0 

(7) 

If the the rmodynamic  forces  v a r y  only s l ight ly with t ime ,  then (7) may be e x p r e s s e d  as 

q ~ : : L i , , v T [ ! - - e x p (  - t '-7r-]] (8) 

or  as the following express ion  for the t he rma l  flux: 

f ,o:[, 
When 8 q / O t  = O, we have F o u r i e r ' s  law of heat  conduction. Using (6), we can now der ive  the hyperboi ie  
equation of heat conduction- 

(9' 

i OT 1 O'-T 
V"-T- . i ,, , 

a Ot v, Ot ~ 
(10) 

with the the rma l  d i f fus iv i tya  and with v T = f - a / z  r .  We will now der ive ,  approx imate ly ,  the equation of 
heat  t r a n s f e r  in fo rm (5) for  a neu t ra l  gas ,  based  on the fundamental  equation of kinet ics:  the Boltzmann 
equation. The l inea r i zed  Boltzmann equation for  a neut ra l  gas is 

o : - ~ - v - v :  ..... V o: ] 
ot ' 1 J . ~  f 

( 1 1 )  

Here  f is the distr ibution ftmetion of par t i c les  and [0f /a t ]e  is the coll is ion integral .  The l inear iza t ion  is 
effeeted by rep lac ing  the exact  coll ision integral  with 

o/ -! f - -  :o 
- o f  . . . .  , ( 12 )  

. c T~  

where  f0 denotes the dis tr ibut ion function at equi l ibr ium.  Substitution (12) is obviously p e r m i s s i b l e ,  p r o -  
vided that  the change in the ene rgy  of par t i c les  during col l is ions is smal l  and that the col l is ions resu l t  in 
a r andom distr ibut ion of ve loci t ies .  We will exp re s s  this dis t r ibut ion as  follows: 

f = fo -:- vX(r,  t), (13) 

where  function X c h a r a c t e r i z e s  the deviation of the s y s t e m  f rom equi l ibr ium and this deviation is a s su med  
sma l l .  Inser t ing  (13) into (11), with (12) taken into account ,  yields 

OX X q- - - - V f o -  (14) 
0t T r 
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In (14) we  have d i s r e g a r d e d  the t e r m s  of  s e c o n d - o r d e r  s m a l l n e s s  with r e s p e c t  to X. 
w e l l ' s  equ i l i b r ium d i s t r ibu t ion  function 

As f~ we adopt Max-  

(15) 

and have then 

Ofo 
Vfo = - -  e . V In T. 

0e 
(16) 

I n s e r t i n g  (16) into (14) yie lds  

o x  ; x " e -Sf~ V tn T. 
Ot r r de 

Having d e t e r m i n e d  X f r o m  (17), we m a y  now wr i t e  fo r  the d is t r ibu t ion  function 

t 

} -  [o + v er Oe r �9 r / 
0 

( 1 7 )  

(18) 

L e t  us next  d e r i v e  the d i s t r ibu t ion  function for  a neu t r a l  gas  with a spec i f ied  t e m p e r a t u r e  g rad ien t .  
We ca lcu la t e  the t h e r m a l  flux f r o m  the d i s t r ibu t ion  function (18). We obtain 

1 ~ ee[d:~v. ( 1 9 )  
q -- 4a 3 

We in se r t  (18) into (19): 

t 

i q =  e x p ( - - - t - - t '  dt' d3v 
4n 3 ~I ev [0 ~-v ~T~- , (20) 

�9 , Og  T r t T r / 
0 

and then have 

t 

Tz" r z r ] 4tO ("v2"rr - 0 ~ -  
0 

In tegra t ing  ove r  the ve loe i ty  space  r e s u l t s  in ! evf0d3v = 0 beeause ,  for  a s y m m e t r i c  equ i l ib r ium fune-  
t ion,  to any value of  +v  t h e r e  c o r r e s p o n d s  a value - v  and the total  in tegra l  van i shes .  E x p r e s s i o n  (1/4~r a) 
" i e2V2Tr(0f0/oE)d3v r e p r e s e n t s  the coef f ic ien t  L2, so  that  (21) may  be r e p r e s e n t e d  as 

t 

q = L . . t  vT 1 exp t - - t "  dr' (22) 
TT r 

0 

and 

Oq r 
q + T r - - = - - L o V  T' )~o-- ~" 

Ot T 

which  c o r r e s p o n d s  to (5). 

The equat ion of  s ta te  for  an e las t i c  med ium with sma l l  de fo rma t ions  is 

(23) 

Here  rTik is the s t r e s s  t e n s o r ;  • and/~ a r e  the Lain6  cons tan t s ;  a T denotes  the l i nea r  t h e r m a l  expans iv i ty ;  
/ ik is the s t r a i n  t e n s o r ;  and Jl is the f i r s t  i nva r i an t  of  the s t r a i n  t e n s o r .  
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The amount  of hea t  a b s o r b e d  in a unit volume is 

dQ= CzT + T O ~ + ~ %iv  (24) 

with C e denot ing the spec i f ic  heat  a t  cons tan t  s t r a in .  Fo r  the heat  conduct ion p r o c e s s  we have 

OQ = - -  div q. 
Ot 

(25) 

On the bas i s  of  (6), one can obtain the g e n e r a l  equation of hea t  conduct ion 

( 1 OT 1 02T 7~ ~ + --3--~ 
a Ot }- ~ - - - -  V ~ T -  v~ Ot ~ ~'o 

02ix (26) 

Equat ion (26) toge the r  with the equat ion of  mot ion 

O2u~ 
a~h,~ + F~ = p Ot--- Y- (27) 

f o r m  a s y s t e m  which  d e s c r i b e s  the p r o c e s s  of coupled t h e r m o e l a s t i c i t y  with a finite ve loc i ty  of  heat  p r o p a -  
gat ion.  If the body f o r c e s ,  the s u r f a c e  f o r c e s ,  and the heat  s o u r c e s  v a r y  with t ime s lowly,  then one may  
de le te  the iner t ia  t e r m  f r o m  the equat ions  of  motion and t h e p r o b l e m  of coupled t h e r m o e l a s t i c i t y  m a y  be 
cons [dered quas i s t a t t c .  

The fundamenta l  equat ions of quas i s t a t i c  coupled t h e r m o e l a s t i c i t y  a r e  

grad [(~, + 2~t) v2qo - -  ?T] = 0, (28) 

V2 T __ 1 OT I O~T - -  ~1 "i- r r V2~ = O, (29) 
a Ot v~ Ot ~ , 

w h e r e  y = aT(3~  + 2/z); r/ = TT0/K| , and u = g rad  ~ ,  with �9 denot ing the t h e r m o e l a s t i c  potent ia l .  It foIlows 
f r o m  (28) tha t  

v~a~ - -  m r  = g (t), (30) 

w h e r e  g(t) is an inde te rmina te  funct ion of  t ime;  m = y / ( X  + 2/z) and g(0) = 0, g '(0) = 0. 

We thus a r r i v e  at  the following s y s t e m  of  equat ions :  

V'(D --  mT := g(i), 

vO.T 1 0T l O"-T q ('. O , ~@ ) 

If we s t ipula te  t r ans  lent b o u n d a r y  condi t ions  

OT O~ 
- - f ( l ) ,  - - - - =  qc(l), (32) 

On On 

at the b o u n d a r y  S of  some  reg ion ,  then s y s t e m  (31) can  be r e d u c e d  to  two s e p a r a t e  equat ions .  Le t  us in te -  
g r a t e  (31) ove r  the vo lume of  a body and then apply  G r e e n ' s  identi ty,  so  tha t  the equation of  hea t  conduct ion 
b e c o m e s  

where  

t 

V"-T--(m~|q- - b ~ - + ~ r ~ ? ~ -  T = T I  exp(--v~t) exp - -  - -  

0 

(3a) 

( 0 _ _ +  a ~ , 
F ( t ) =  VS [(1- -mq)  ~, Ot Tr - ~ ) ~ ( ' ) - - t n a f ( t )  1 �9 (34) 

In (34) V denotes  the vo lume and S denotes  the s u r f a c e  of  a body.  It is evident ,  a c c o r d i n g  to Eq.  (33), that  
we have obtained he re  an equation of  hea t  conduct ion with a hea t  s o u r c e  whose  in tens i ty  is a function of  
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t ime.  We may now wri te  the following equation for the t he rmoe la s t i c  potential:  

V~(I) =mT -~ 
t t 

1 o [~ F(t')dt'--exp(--v~t) f F(t')exp(@')dt']. 
v~ [ g  

0 0 

(32) 

Instead of s y s t e m  (31),we have obtained two sepa ra t e  equations (33) and (35). The coupledness of the 
quasis ta t ic  t he rmoe las t i c i ty  p rob lem re su l t s ,  under t r ans ien t  boundary conditions,  in the r ep l acemen t  of 
coeff icient  1/a by the coeff icient  [ ( l / a )  + m~] in the equation of heat  conduction with a concur ren t  a p p e a r -  
ance of a heat  source .  This  r e su l t  conf i rms  the neces s i t y  of consider ing the rmoe la s t i c i t y  p rob lems  coupled 
even in the quasis ta t ic  formulat ion.  

Ji 
Lik 
(Y 

t 

v T 
T 

v 
Q 
[ I  

f~ 

mr/ 

is a flux; 
a r e  the the rmodynamic  coeff ic ients ;  
is the r a t e  of en t ropy increase ;  
is the t ime;  
is the veloci ty  of heat propagat ion;  
is the t empe ra tu r e ;  
is the energy;  
is the veloci ty  of a par t ic le ;  
is the amount  of heat; 
is the d i sp lacement  vec tor ;  
is the densi ty  of the medium; 
is the coupling coeff icient .  
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